Bilinear time-frequency distributions (TFDs) are powerful techniques that offer good time and frequency resolution of timefrequency representation (TFR). It is very appropriate to analyze power quality signals which consist of nonstationary and multifrequency components. However, the TFDs suffer from interference because of cross-terms. Many TFDs have been implemented, and there is no fixed window or kernel that can remove the cross-terms for all types of signals. In this paper, the bilinear TFDs are implemented to analyze power quality signals such as smooth-windowed Wigner-Ville distribution (SWWVD), Choi-Williams distribution (CWD), B-distribution (BD), and modified B-distribution (MBD). The power quality signals focused are swell, sag, interruption, harmonic, interharmonic, and transient based on IEEE Std, 1159-1995. A set of performance measures is defined and used to compare the TFRs. It shows that SWWVD presents the best performance and is selected for power quality signal analysis. Thus, an adaptive optimal kernel SWWVD is designed to determine the separable kernel automatically from the input signal.
Introduction
Power quality is an issue that is becoming increasingly important to electricity consumers at all levels of usage [1] . Poor power quality can cause very serious problems like reduction of lifetime of the load, the ineffective performance of protection devices, and instabilities and interruptions in manufacturing operation. For example, voltage sags to 80% of the nominal voltage with durations of 40 ms or greater would shut down the control electronics of production line of an industrial plant [2] . Thus, there is a need for heightened awareness of power quality among electricity users that require ultrahigh availability of service and precision manufacturing systems. Accordingly, an automated monitoring system is required to provide adequate coverage of the entire system, understand the causes of these disturbances, resolve existing problems, and predict future problems [1] . Prompt and accurate diagnosis of problems will ensure quality of power line signal, reduce diagnostic time in the presence of power disturbance, and rectify failures.
In the current research trend, short-time Fourier transform (STFT) [3] is a popular technique for power quality signals analysis. The technique presents the signals jointly in time-frequency representation (TFR) which provides temporal and spectral information. However, it has the limitation of a fixed window width that results is a compromise between time and frequency resolution. The greater temporal resolution required, the worse frequency resolution will be and vice versa. To overcome the limitation of the fixed resolution of STFT, wavelet transform (WT) was proposed by various researchers [4] . WT offers high time resolution for high frequency component and high frequency resolution for low frequency component. Consequently, the technique is suitable to detect the duration of high frequency signal such as transient. For low frequency signal, typically sag, swell, and interruption, it does not produce reliable results [5] . In addition, WT also exhibits some disadvantages such as its computation burden, sensitivity to noise level, and the dependency of its accuracy on the chosen basis wavelet [6] .
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Bilinear time-frequency distributions (TFDs) [7] have been intensively used to characterize and analyze nonstationary signals. The bilinear TFDs offer a good time and frequency resolution and are successfully applied to various real-life problems such as radar, sonar, seismic data analysis, biomedical engineering, and automatic emission. However, the TFDs suffer from the presence of crossterms interferences because of its bilinear structure. This inhibits interpretation of its TFR, especially when signal has multiple frequency components. Some members of the bilinear TFDs are Wigner-Ville distribution (WVD), windowed Wigner-Ville distribution (WWVD), smoothwindowed Wigner-Ville distribution (SWWVD), ChoiWilliams distribution (CWD), B-distribution (BD), modified B-distribution (MBD), and Born-Jordan distribution (BJD). An analysis of the autoterms presentation using the reduced interference distributions (RID) has been discussed in [8] . A procedure for designing a kernel that will produce the desired autoterm shape and an optimal kernel with respect to the autoterm quality and cross-term were demonstrated.
In this paper, bilinear TFDs are implemented to analyze power quality signals. The popular bilinear TFDs are chosen such as SWWVD, CWD, BD, and MBD. To verify the performance of the TFDs, a set of performance measures is defined to compare the TFRs in terms of main-lobe width (MLW), peak-to-side lobe ratio (PSLR), absolute percentage error (APE), and signal-to-cross-terms ratio (SCR). From the comparison, the best bilinear TFD is chosen, and its adaptive optimal kernel system is designed. The adaptive system is to determine the optimal kernel parameters, automatically from the input signal, without prior knowledge of the signal. The optimal kernel is capable of removing the cross-terms, preserving the autoterms, and maintaining accurate TFR.
Power Quality Signal
According to the IEEE Standards 1159, electromagnetic phenomena are classified into several groups as shown in Table 1 [9] . This paper focuses on six types of power quality signals: swell, sag, interruption, harmonic, interharmonic, and transient.
Signal Model
This paper divides the power quality signals into three classes. They are voltage variation for swell, sag, and interruption signal, waveform distortion for harmonic and interharmonic signal, and transient for transient signal. The signal models of the classes are formed as a complex exponential signal, and defined as
where z vv (t), z wd (t), and z trans (t) are the voltage variation, waveform distortion, and transient signal, respectively. k is the signal component sequence, A k is the signal component amplitude, f 1 and f 2 are the signal frequency, t is the time, and Π(t) is a box function of the signal. In this analysis, f 1 , t 0 , and t 3 are set at 50 Hz, 0 ms, and 200 ms, and other parameters are defined as follows:
(1) swell: 
Bilinear Time-Frequency Distribution
Bilinear TFDs are powerful tools in the analysis of nonstationary and multicomponent signals. Many of these TFDs are invariant to time and frequency translations and can be considered as energy distribution in time-frequency domain [10] . From the TFR, characteristics of the signals can be calculated and used as input for signals classification. The signal characteristics are duration of swell, sag, interruption, and transient and average of total waveform distortion, total harmonic distortion, and total nonharmonic distortion. Further discussion of the signal characteristics can be found in [11] . In general, the bilinear TFDs can be formulated as
where G(t, τ) is the time-lag kernel function, K z (t, τ) is the bilinear product, and the asterisk with t denotes the time convolution of the signals. The bilinear product is further defined as
where z(t) is the analytic signal of interest. Smoothwindowed Wigner-Ville distribution (SWWVD) has a separable kernel [12] which is capable of reducing the effects of the interferences or cross-terms and at the same time, having 
where H(t) is the time smooth (TS) function, w(τ) is the lag window function, and its corresponding TFD can be expressed as
In this paper, Hamming window is used as the lag window and raised-cosine pulse as the TS function. The hamming window and the raised-cosine pulse [12] are defined as
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The lag window, w(τ), has a cutoff lag at τ = T g . The Doppler representation of the TS function, H(t), that is obtained from the Fourier transform with respect to time is
where it is a low-pass filter in the Doppler domain, and the cutoff Doppler frequency is
The Choi-Williams distribution (CWD) kernel is developed to reduce interference in TFDs [7] and can be defined as
where σ is a real parameter that can control the resolution and the cross-terms reduction [10] . This kernel has shown good performance in reducing cross-terms while keeping high resolution with a compromise between these two requirements.
The B-distribution (BD) kernel [10] is defined in the time-lag plane and can be expressed as
where β is a positive real parameter that controls the degree of smoothing, and its value is between zero and unity. This kernel is a low-pass filter in the Doppler domain but not in the lag domain.
To improve the time resolution, the B-distribution was modified by making the lag-dependent factor exactly constant [10] . The resulting modified B-distribution (MBD) had a lag-independent kernel and can be defined as
Time-Lag Signal Characteristic
Generally, bilinear product of the signal interest is represented in time-lag representation. The bilinear product consists of autoterms and cross-terms and can be defined as
In the time-lag representation, normally, the autoterms are concentrated along the time axis and centered at τ = 0, while the cross-terms are located away from the axis. The autoterms must be preserved, while the cross-terms are suppressed by choosing appropriate kernel parameters. For SWWVD, TS function is used to remove Doppler frequency component existing in cross-terms, while lag window suppresses cross-terms that lie away from the origin of the lag axis. Detail derivation of the autoterms and crossterms for all signals that are shown in (17) to (32) is derived in Appendix A. 
Bilinear Product of Voltage Variation Signal.
Voltage variation signal in (1) has a variation in the root mean square (RMS) value from nominal voltage [9] . The autoterms and cross-terms of this signal can be expressed as
where k and l represent the signal component sequence, A k and A l are the signal components amplitude, and the bilinear product of the box function, Π(t), is defined as
From (17), it is observed that the autoterms lie along the time axis and are centered at τ = 0, while the cross-terms are elsewhere as shown in Figure 1 .
For example, autoterm when k = 1 and l = 1 is expressed as
This autoterm is located at t = t 1 /2 and is centered at the origin of the lag axis. It has a single lag-frequency component which is at f = f 1 . Similar result is observed for autoterm when k = 2 and l = 2. This autoterm which is at t = t 1 /2 is also centered at the origin of the lag axis and has a single lag-frequency component at f = f 1 . It can be defined as
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Another example is cross-term which is due to the interaction between 2nd and 1st signal component. This cross-term is centered at t = (t 2 + 2t 1 )/4 and τ = t 2 /2 and also has only a single lag-frequency component at f = f 1 as expressed in the following equation:
The examples above prove that the autoterms are centered at τ = 0 and lie along the time axis, while the crossterms are elsewhere. Since the signal has only frequency component at f = f 1 , it results that the autoterms and cross-terms have a lag-frequency component at f = f 1 and zero Doppler frequency. Thus, in order to suppress the cross-terms and to preserve the autoterms, lag window should cover all autoterms while removing the cross-terms as much as possible. The lag window width, T g , can be set as
By using this limit, cross-terms such as when k = 1, l = 2 and k = 2, l = 3 are preserved, since they are adjacent to the autoterms as shown in Figure 1 . The remaining cross-terms can be reduced by using smaller T g , but it will compromise the concentration of the autoterms. This results in smearing in frequency domain that reduces frequency resolution. In addition, the lag window width should contain at least one cycle of fundamental signal such that T g ≥ 1/2 f 1 . The actual effect of this setting will be discussed in the next section.
Since the cross-terms do not have Doppler frequency, the use of the TS function will not contribute to the cross-terms suppression. Thus, the resulting TFD that uses a lag window and an impulse function as TS function is also known as windowed Wigner-Ville distribution (WWVD). It can be expressed as
where w(τ) is the lag window.
Bilinear Product of Waveform Distortion
Signal. Waveform distortion signal is a steady-state signal which consists of multiple frequency components [13] . The autoterm and cross-term of the signal in (2) can be defined as
As shown in (25), the autoterm is centered at the origin of the lag axis and has two lag-frequency components which are f 1 and f 2 . For the cross-term as shown in (26), it is also centered at the origin of the lag axis. However, the cross-term consists of a lag-frequency component at f = ( f 2 + f 1 )/2 and a Doppler frequency component at
Based on the observation, the Doppler frequency component only exists in the cross-term. TS function which is a low-pass filter in Doppler frequency domain can be used to remove the cross-term. Since the Doppler frequency component is at υ = ( f 2 − f 1 ), the Doppler cutoff frequency should be set at υ c ≤ | f 2 − f 1 |. It can be achieved by setting the TS function parameter, T sm , as
For signal that has more than two frequency components, | f 2 − f 1 | is set as the smallest frequency deviation among the signal frequency components. When T sm is set lower than the limit in (27), the cutoff frequency will be υ c > | f 2 − f 1 | that will include the cross-term. Thus, the TS function will not be able to remove the cross-term. Besides that, any higher T sm value would result in a small cutoff Doppler frequency but would cause the autoterm to smear in time. Thus, T sm should be set at an appropriate value to remove the cross-term and avoid the smearing of autoterm in time.
Besides using the TS function to remove the crossterms, lag window is also used to obtain desirable lagfrequency resolution in TFR. The lag-frequency resolution is set such that Δ f ≤ f 1 /2 to differentiate harmonic and interharmonic frequency components. Therefore, the lag window width should be set at T g ≥ 1/2Δ f . Higher T g offers higher lag-frequency resolution, but it increases computation complexity and memory size to calculate TFR. Thus, T g should be set at a sufficient value to obtain desirable lag-frequency resolution and avoid higher computation complexity and memory size used. In this analysis, since the signal fundamental frequency chosen is at f 1 = 50 Hz, T g is set at minimum value which is 20 ms to reduce the computation complexity and memory size of the analysis. It results in the fact that the lag-frequency resolution of the TFR is Δ f = 25 Hz. In addition, the setting is also applicable for all waveform distortion signals.
Bilinear Product of Transient Signal.
Transient signal is a sudden signal which changes in steady-state condition at nonfundamental frequency [9] . As indicated in transient signal model in (3), there are three signal components. The first and third components consist of fundamental signal, f 1 , while the second component has additional frequency component which is transient frequency, f 2 . Thus, the bilinear product of this signal produces three autoterms and seven cross-terms in time-lag representation as shown in Figure 2 . The autoterms and cross-terms can be expressed as
Similar to the voltage variation signal, the autoterms in (28) are centered at τ = 0 and lie along the time axis as colored in Figure 2 . For example, autoterm at k = 1 is located at t = t 1 /2 and the origin of the lag axis. It has a lag frequency at f = f 1 and can be defined as
The location of the cross-terms in (29) is densely dotted in Figure 2 . The figure shows that cross-terms that are generated by different signal components (k / = l) are located away from the time axis, τ / = 0. As example, a cross-term defined in (31) is produced because of the interaction between the first and second signal components (k = 1 and l = 2). It is centered at t = (t 2 + 2t 1 )/4 and τ = t 2 /2 and has a Doppler frequency component at υ = ( f 2 − f 1 ) and two lag-frequency components at f = f 1 and f = ( f 2 + f 1 )/2:
The second signal component has two different frequencies which are f 1 and f 2 . Its bilinear product can be defined as
This bilinear product introduces a cross-term which is located at t = (t 2 + t 1 )/2 and also centered at τ = 0, where it is similar to the autoterms. The cross-term has a Doppler frequency component at υ = ( f 2 − f 1 ) and a lag frequency component at f = ( f 2 + f 1 )/2 and can be defined as
The purpose of using lag window in this signal is similar to the voltage variation signal. The lag window width is set such that |T g | ≤ (t 2 − t 1 ) to remove the cross-terms located away from the time axis and to preserve the autoterms lying along the time axis. In addition, similar to the waveform distortion signal, TS function is also employed to remove the Doppler frequency component of the remaining cross-terms. Since the Doppler frequency component is υ = ( f 2 − f 1 ), the cutoff Doppler frequency of the TS function is set at υ c ≤ | f 2 − f 1 | by setting the TS function parameter, T sm , as in (27) . An appropriate value of T sm and T g should be chosen to optimize the cross-terms suppression as well as to minimize the smearing of the autoterms in time and frequency domain. 
Kernel Parameters.
The analysis of bilinear product in time-lag representation to determine kernel parameters for all power quality signals is discussed in the previous subsections. Based on the analysis, the limits of the kernel parameters as defined in (23) and (27) are summarized in Table 2 . The smallest lag window width, T g,min , and TS function parameter, T sm,min , can be set in (9) and (10), respectively, to obtain sufficient cross-terms suppression with minimal autoterms bias as well as to reduce the computation complexity and memory size of the analysis.
Performance Comparison of Kernel Parameters
Several performance measures are created and used to verify the TFR of the bilinear TFDs. They are main-lobe width (MLW), peak-to-side lobe ratio (PSLR), signal-to-crossterms ratio (SCR), and absolute percentage error (APE). These measurements are adopted to evaluate concentration, accuracy, interference minimization, and resolution of TFRs [12] .
6.1. Performance Measurements. MLW and PSLR are calculated from the power spectrum which is obtained from the frequency marginal of the TFR [12] as shown in Figure 3 . MLW is the width at 3 dB below the peak of the power spectrum, while PSLR is the power ratio between the peak and the highest side lobe calculated in dB. Low MLW indicates good frequency resolution, and it gives the ability to resolve closely spaced sinusoids. PSLR should be as high as possible to resolve signal of various magnitudes. SCR is a ratio of signal to cross-terms power in dB. High SCR indicates high cross-terms suppression in the TFR and is defined as SCR = 10 log signal power cross − terms power .
Besides the MLW, PSLR, and SCR, APE is also applied to quantify the accuracy of signal characteristics that are calculated from the TFR. This measurement has been discussed in [11] and is expressed as
where x i is actual value and x m is measured value. Low APE shows high accuracy of the measurement. In general, an optimal kernel of TFD should have low MLW and APE while high PSLR and SCR.
Performance Comparison of Smooth-Windowed Wigner-
Ville Distribution. The performance of SWWVD with various kernel parameters for power quality signals is shown in Table 3 . In this table, the kernel parameters are chosen based on the observation made in Section 5. The bold values in Table 3 presents the parameters that give optimal TFR for each type of signal. Even though, the discussion of the table will focus on transient signal and similar observation can be made for voltage variation and waveform distortion signal. As shown in the table, the optimal kernel parameters for the transient signal are at T g = 10 ms and T sm = 1.578 ms. To observe the performance response corresponding to the kernel parameters, the performance measures of this signal at optimal T sm with various T g and optimal T g with various T sm are plotted in Figure 4 . Figure 4(a) shows that, at optimal T sm and when T g is set higher, the MLW is smaller indicating a higher frequency resolution of the TFR. However, it suffers from the reduction of the cross-terms suppression which results in smaller SCR. This is because higher T g covers more adjacent cross-terms in lag axis in the bilinear product. As a result, the APE is higher which presents lower accuracy of the signal characteristic measurement. Since the fundamental frequency, f 1 , is set at 50 Hz, the minimum T g should be set at 10 ms to cover at least one cycle of the fundamental signal.
At the optimal T g and when T sm is set higher than its optimal value, the SCR increases, while the MLW remains constant as shown in Figure 4(b) . It indicates that higher T sm improves the cross-terms suppression and does not give any effect to the frequency resolution. However, the APE is also higher which shows that the time resolution of the TFR is lower. This is because the application of TS function with higher T sm increases the smearing of the autoterms in time domain. Thus, there is a compromise between cross-terms suppression and time resolution to obtain optimal TFR.
The optimal kernel parameters for voltage variation signal are at T g = 10 ms and T sm = 0 ms. For this signal, the use of the TS function does not introduce any improvement in the cross-terms suppression because all cross-terms have zero Doppler frequency. In addition, higher T sm reduces the time resolution of the TFR. Therefore, as the T sm is set higher, the SCR is lower, and APE is higher. For waveform distortion signal, the optimal kernel parameters for harmonic signal are at T g = 20 ms and T sm = 7.5 ms while for interharmonic signal are at T g = 20 ms and T sm = 6.67 ms. All crossterms of these signals have Doppler frequency and can be removed by using the TS function at the optimal T sm . Higher T g does not improve the cross-terms suppression. However, it is still used to set the frequency resolution of the TFR that can differentiate between harmonic and interharmonic frequency components.
Performance Comparison of Choi-Williams Distribution.
Performance of the CWD is also compared with various kernel parameters. The kernel parameter, σ, is set at 1.0, 0.05, 0.1, 0.05, 0.01, 0.005, and 0.001 as shown in Table 4 .
This table shows that the optimal parameter for voltage variation, waveform distortion, and transient signal is at σ = 0.05, 0.001, and 1.0, respectively. All signals present similar performance response when σ is set higher or smaller than their optimal value. As example, the performance measures of sagsignal using various σ is shown graphically in Figure 5 . The graph illustrates that, when σ is set higher than its optimal kernel, the MLW and SCR are smaller. Higher σ increases frequency resolution of the TFR, but it reduces cross-terms suppression. As a result, the APE is higher. As σ is set smaller, the SCR is higher because smaller σ removes more cross-terms. However, the frequency and time resolution get worse, resulting in higher MLW and APE. Thus, σ should be chosen based on the signal parameters, and a compromise between time and frequency resolution and cross-terms suppression is required to obtain optimal TFR. 
Performance Comparison of B-Distribution. BD is
another TFD used in this paper. Table 5 presents the performance of the TFD with various kernel parameters, β, at 1.0, 0.05, 0.1, 0.05, 0.01, 0.005, and 0.001. The result shows that the optimal kernel for voltage variation signal is at β = 0.001 while waveform distortion and transient signal are at β = 0.05. For all signals, as β is set other than the optimal value, the MLW is similar, and the SCR is smaller. This indicates that β does not change the frequency resolution and reduce the cross-terms suppression in the TFR. As a result, the APE is higher. The trends of this performance are shown in Figure 6 which proves that the optimal kernel of harmonic is at β = 0.05.
Performance Comparison of Modified B-Distribution.
MBD is also analyzed with various kernel parameters similar to BD as shown in Table 6 . The table shows that the optimal kernel parameter for swell and sag is β = 0.05 while for interruption, harmonic, interharmonic, and transient signals is β = 1.0. For instance, Figure 7 shows the performance of swell signal using various β and its optimal value is identified at β = 0.05.
Adaptive Optimal Kernel
In the previous section, the performance of SWWVD, CWD, BD, and MBD is analyzed with various kernel parameters. From the analysis, the optimal performance of the distributions is identified and compared as shown in Table 7 . The result shows that the SWWVD is the best distribution for power quality signal analysis and an adaptive optimal kernel for SWWVD is designed. Based on the analysis in Sections 5 and 6, a guideline to determine the separable kernel parameters of SWWVD for power quality signals is given as follows. 
(ii) For waveform distortion signal
(iii) For transient
The kernel parameters are different based on the characteristics of the signals. Hence, an adaptive kernel system is required which is capable of setting the kernel parameters automatically from input signal. In this paper, based on the kernels setting given above, the adaptive kernel system for power quality signal is designed as shown in Figure 8 .
Firstly, bilinear product at τ = 0 for the input signal is calculated. It can also be called instantaneous energy of the interest signal, x(t) [14] , and can be expressed as
For the signal models in (1) to (3), the bilinear product at τ = 0 of the voltage variation, waveform distortion, and transient signal are, respectively, defined as
The above equations show that the voltage variation and transient signal have a momentary energy variation between t 1 and t 2 , while the waveform distortion has no momentary energy variation. Thus, based on this observation and the guideline given in (36) to (38), the lag window width is set at T g = 10 ms for the signal that has momentary energy variation, while, for no momentary energy variation, T g is set at 20 ms.
In process to estimate TS function parameters, T sm , ambiguity function of the bilinear at τ = 0 is employed. It is calculated by using (41) to present the Doppler frequency component of the bilinear product. From the ambiguity function, the lowest Doppler frequency, υ min , is identified and used to calculate T sm as defined in (42):
As indicated in (40), the waveform distortion and transient signal have a Doppler frequency component at υ = | f 2 − f 1 | while the voltage variation has zero Doppler frequency. Thus, for waveform distortion and transient signal, υ min is set at | f 2 − f 1 | and is then used in (42) to calculate T sm . Since the voltage variation has no Doppler frequency, the time-smooth function parameter is set at T sm = 0 ms, or, in other words, the TS function used is a delta function. For normal signal, it has zero Doppler frequency as well as no energy variation. Therefore, the kernel parameters used are similar to the voltage variation signal which are T g = 10 ms and T sm = 0 ms. Finally, the setting of the kernels is used to calculate the SWWVD to represent the signal in TFR.
For example, Figures 9 to 11 show swell, harmonic, and transient signals and their bilinear product and ambiguity function at τ = 0, respectively. As shown in Figure 9 (a), the magnitude of the swell signal is 1.2 pu starting from 100 to 140 ms, while Figure 9 (b) shows that its energy increases from 1 to 1.44 pu between 100 and 140 ms. The signal has zero Doppler-frequency as shown in Figure 9 (c). For harmonic signal in Figure 10 (a), it is a constant sinusoidal energy as shown in Figure 10 Based on the adaptive system design, since the bilinear product at τ = 0 of swell and transient signals has a momentary energy variation, the lag window width is set at T g = 10 ms. For harmonic signal that has no momentary energy variation, the lag window width is set at T g = 20 ms. The harmonic and transient signals have a Doppler frequency. Thus, the values of the Doppler frequency are used in (42) to calculate T sm . As a result, the setting of T sm for the harmonic and transient signals is 7.5 and 1.578 ms, respectively. For the swell signal, it has no Doppler frequency component, and T sm is set at 0 ms.
Results
In this section, the results of the power quality analysis using SWWVD, CWD, BD, and MBD are discussed. The example of the signals and their TFRs using the TFDs at optimal kernels is shown in Figures 12 to 15 . The line graphs show the signal in time domain, while the contour plots show the TFR. The highest power is represented in red color while the lowest in blue color. Figure 12 shows a sag signal and its TFR using SWWVD. The magnitude of the sag signal is 0.8 pu, while its duration is between 100 and 140 ms. The contour plot presents that there is a momentary decrease of power at 50 Hz (fundamental frequency) from 100 to 140 ms. In Figure 13 , there is a harmonic signal in time domain and its TFR by using CWD. The TFR shows that the harmonic signal consists of two frequency components which are 50 and 250 Hz. A swell signal and its TFR using BD are shown in Figure 14 . The magnitude of the swell signal is 1.2 pu between 100 and 140 ms. The TFR shows that the power increases from 120 to 160 ms, and its frequency is 50 Hz. The last example is transient signal. This signal and its TFR using MBD are shown in Figure 15 . The transient signal begins at 100 ms, and its duration is 15 ms. In the contour plot, the transient power increases between 118 and 125 ms, and its frequency is 1000 Hz.
In the contour plots, the TFRs show some delays compared to the input signals. This is because the convolution process between kernel and signal in the TFDs shifts the TFRs in time domain. For the TFR of sag signal using SWWVD, there is no delay because the kernel parameter used for time-smooth function is set at T sm = 0 ms. Generally, this observation clearly shows that the TFRs represent the characteristics of the power quality signals.
By assuming perfect knowledge of the power quality signals, the performance of the bilinear TFDs with various kernel parameters has been analyzed as shown in Tables 3 to  6 . From those tables, the optimal performance of the TFDs is identified and summarized in Table 7 .
A good TFD should have low APE and MLW while high SCR and PSLR. This table shows that, in overall, SWWVD gives good APE, SCR, and PSLR while MLW is poor. For CWD, BD, and MBD, they offer good MLW but poor APE, SCR, and PSLR. Thus, it clearly proves that the SWWVD is the best distribution and very appropriate for power quality analysis. For any unknown signal, an adaptive optimal kernel SWWVD system is designed as discussed in Section 7 to determine automatically the optimal kernel parameters. Then, the performance of the adaptive kernel is identified and compared with the performance of the optimal kernel as shown in Table 8 .
This table shows that, for every signal, the adaptive kernel gives similar parameters to the optimal kernel. As a result, the performance of adaptive kernel is comparable to the performance of optimal kernel. In addition, the adaptive system also gives high accuracy for the measurement of the signal characteristics as discussed in Section 6.1. Therefore, the adaptive kernel system is suitable to be implemented for power quality analysis as well as for classification purpose.
The performance of SWWVD for power quality signals classification in noisy condition has been discussed in [15] . A set of 100 signals with various characteristics for each type of power quality signal were generated and classified at SNR from 0 to 40 dB. The results show that the system can classify all signals without error at 36 dB of SNR and above.
Conclusions
This paper presents the analysis of power quality signals using SWWVD, CWD, BD, and MBD to identify the optimal kernel parameters. The performance measures used are MLW, PSLR, SCR, and APE. The results show that different power quality signals need different kernel parameters for optimal TFR. There is no one kernel parameter that can be used optimally for all signals.
At the optimal kernel setting, the SWWVD gives the best performance of TFR compared to the other TFDs, and its adaptive optimal kernel is designed. The adaptive system can obtain optimal kernel setting automatically without prior knowledge of the signal. The result shows that the adaptive kernels system is comparable to the optimal kernel and is suitable for power quality analysis and classification purpose.
Appendices
The bilinear product that is given in (6) represents a signal in time-lag representation. This representation consists of two terms: autoterms and cross-terms as defined in (16). This section discusses the calculation of bilinear product to obtain the autoterms and cross-terms for the power quality signals.
A. The Voltage Variation Signal
The voltage variation signal in (1) has three sequence signals at fundamental frequency, f 1 , and its bilinear product is given as where A k and A l are the signal amplitude, t k and t l are the time, k and l are the signal sequence starting with one, and Π(t) is a box function of the signal as expressed in (4).
